Chapter 8 Gradient Methods

1. Steepest Descent
2. Analysis of Gradient Methods
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Optimization Problem

unconstrained optimization problem: min{f(x) | x € R"}

@ The function f : R™ — R is multi-dimensional objective function.

@ The vector & € R™ is n-dimensional decision variables.

Definition (level set, normal vector, and tangent vector)

Let f : R™ — R be function, and ¢ € R be a constant.

e level set of f w.r.t constant c: ‘ =
Se(f) ={z eR| f(z) =c}. L ;w
— X € Sc(f) if f((l:o) =c. m‘wwmi pilf

e tangent of f at xg: ,

() = f(wo) + V(@) (z — o). 5 m— -

e normal of f at xg: V f(xo). (i

z=C

*2

% Given small displacement, f increases more in the direction of V f(x¢) than

in any other direction. P
proof. Taylor series and the rate of increase (V f(x),d) with ||d|| =1 and “@*"
Cauchy inequality
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Gradient Descent Methods

motivation for min{ f(x) | x € R"}

Let (9 be an initial point, and a new point (*) — aV f(x(?).

Taylor's series
—_—

f@© —avVi(@®)) = f(@@) - a|VF(@D)|? + o(a).
If V(@) £ 0= f(z® — aVf(x®)) < f(=@), Va > 0.
— 20 — oV f(x(©) is an improvement over 2(?) as a minimizer.

gradient descent method for solving min{ f(x) | x € R"}

e gradient descent method:
S0: given z(©) and step size aj > 0,
S1: k) = 20 — q, v f(2(R).
e steepest descent method:
S0: given x(9),
SL: ap = argglg%f(m(k) —aVf(z®).

S2: kD) = 2(0) — q, V f(2(R).

BRCE (HTPRHERE) Chapter 8 Gradient Methods



Gradient Descent Methods

Theorem (property of steepest descent method)

If {x(®)}22 s a steepest descent sequence, then V f(z*+1)) L V f(x*)) or
(a;(k+1) — w(k)) J_ (w(k) — w(k_l)).

proof. let ¢(a) = f(gg(k) _ OéVf(:l:(k)))_
By definition of oy, = ¢/ () = 0 = (Vf(2**D), Vf(x®)) = 0.
By iterative scheme z(®) = (x(*+1) — g(*) gk _ z(kh-1)) = ¢

Theorem (property of steepest descent method)

If {£(¥)}2 s a steepest descent sequence, and if V f(x*®)) 5 0, then
fx®HD) < f(2®).

proof. By the definition of ¢ and Taylor series
= p(ar) = pag) + ¢'(a0) ok + o(ow)
= fa®) = f@®) — ar|[VF(@®)]? + o(a).
If Vf(x®) #0, then f(z*+D) < f(z®).
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Gradient Descent Methods

% steepest descent method render the searching direction in “zigzag”
phenomenon.

% the gradient descent method render the objective function value
monotonically decrease.

stopping criterion: let € > 0 is a prespecified threshold (e.g.,107°)

o 1st-order necessary condition: ||V f(x®)| < e.

o difference of successive objective function values:
(k+1) (k) [f@* D) — f(@®)] £ (@®*) —f(@®)|
F@®D) = f@®)] <o, FEqmmy— <& Snamireen
o difference of successive |'Eeﬁ;ce " D
(k+1) _ n(k) 2D —2®)|) [l |
|z 2| <&, Tmmr— <& mai =™
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Gradient Descent Methods

Example (mingeps f(x) = (1 — 4)* + (22 — 3)? + 4(x3 + 5)?)

Minimize f by steepest descent method with (%) = [4,2, —1]T.

Ans: The gradient of f is Vf(z) = [4(z1 — 4)3,2(z2 — 3),16(x3 + 5)%]".
S1: - Vf(x®) =[0,-2,1024] " and exact stepsize
secant method o = 3.967 x 102,

oo = arg m>irolf(m(0) —aVf(z®)
The new iterate () = 20 — a,V f(2(*) = [4.000, 2.008, —5.062].
S2: -+ V(™) =[0.000, —1.984, —0.003875] " and exact stepsize
ar = argmin f (2! - v f(zV)=Lant method, - 500
[0
The new iterate (?) = () — o, Vf(2™) = [4.000, 3.000, —5.060].
S3: - Vf(x®) = [0.000,0.000, —0.003525] T and exact stepsize
g = arg m>i%f(w(2) — an(m(2))M> as = 16.29.
(03

The new iterate (3 = 2(2) — a,V f(2(?) = [4.000, 3.000, —5.002].
% The minimizer of * = [4,3, —5] . It can be implement by
C/C++/matlab/- - - programs.
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Steepest Descent Methods on Quadratic Function

Definition (quadratic function)

f(®)=1x"Qx — bz, where Q € R"*" is a symmetric positive definite matrix,

bcR"? and z € R".

By 1st-order necessary condition: 0 = V f(x) = Qx — b, = unique minimizer:
x* =Q 'b.

Notations: let gradient of f at (*) be g*) = V f(2(®)) and Hessian of f be
F(z)=V*f(z®)=Q.

steepest descent method for quadratic function

@ — (g;’“’):g(’“; _ IIQ(:’||2§
(g®)TQg™ ~— [[g®g
2+ = z*) _ o g*),

-~ _ (g®)Tg™
Questlon. Why ap = W?
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Steepest Descent Methods on Quadratic Function

(gR)Tg®)
g™ T Qg

oy, = argmin p(a) = f(z® — ag®),
a>0

exact stepsize: oy =

By optimality condition of minimizer ay, .. ¢'(a) =0, i.e.,
0=¢/(ox) = (4®) V(@ — aVg®) = (40T (Qz® — aQg® 1)
= (@") " (g" —aQg™) = (") Tg™® - a(g™) Qg™

Example (mingepe f(x) = 22 + 13)

Minimize f by steepest descent method with any initial point (*) € R2.

Ans: -+ gradient of f is Vf(x) = 2,
Hessian of fis V2f(xz) = Q = 2I.
(@)7g® _ 1
@@) Qg™ ~ 2
" new iterate: (V) = (0 — g =10,0]T.

g0 = 2200 — o =
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Steepest Descent Methods on Quadratic Function

Example (mingeg: f(a) = %

Minimize f by steepest descent method with any initial point 2(®) € R2.

. A . Co>C f=
Ans: with any initial point x(®), A

implement steepest descent method
T g (k) )2
k:(oe)Tg(k): oI
9") T Qg llg™ %
kD) = z(k) _ o k)

(e.g., in Matlab/C/C++)

«

Properties of steepest descent methods on quadratic function

i) function values are monotonically descent, i.e., f(z**+1)) < f(x®);

i) globally convergent, (*) 2%, 2% a minimizer of I
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Convergence Analysis

@ Goal: convergence analysis of steepest descent method on

miRn fl@)=12"Qx — bz, where @ - 0, b € R", and = € R".
zERn

e Facts: x* is minimizer (i.e., Qz* =b) = f(z*) = —1(z*) " Qu*.
o Notations: V(@) = /() - f(z*) = Hlla — 2*I% = L1l .

Lemma (steepest descent method x**1) = x(*) — q, g*))

Let {z(®)}2° | be a sequence generated by steepest descent method. Then
V(@*t) = (1 — 3)V (a®),

where g*) = Qx*) — b and the parameter
1, if g =0,

Ve = aklla““)ll?g( g |12 " (k
2 2 — if gt 0.
ls™TZ_, \“lg®1% ~ %) 9 a
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Convergence Analysis

proof. assume g(*) # 0. Therefore,
V(@) — V()
= 3l —a|g - 5llz® — 273

= Ljz® — apg

) — m*”ZQ — %Hﬂ:(k) — a:*||2Q [. iterative scheme]
2
= —ap(x®™ — )T Qg™ + FF(lg™|3

a2
= —ar(g™) g™ + (g™ |13

R o2
= e (sl ™I+ g1 )
. g ”Q—l

V(x)

Yk

V(@) = V(@®) = 5V (@®) = V(@*D) = (1 - p)V(@®).
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Convergence Analysis

Question: how to guarantee ) 5 *?

Let {x*}2° ) be generated by steepest descent method. Then, {x*}2° , converges
to x* for any initial point (9 if and only if > heo Ve = 00.

k
proof. .+ V(z"H) = (1 —y)V(e®)= V(z+V) = (H (1- %)) V(z?)
=0
k
a® x| = (V(E@*) 50| = [[Ja-7) =0
1=0
i}

Do =o0| = | —log(l—m) =09
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Convergence Analysis

% Question: how to guarantee Z?:o Vg = 007?

Lemma (Rayleigh's inequality)

Let Anax(Q) and Apmin (Q) be the maximal and minimal eigenvalues of Q > 0.

2
)\min(Q) S % S )\max(Q)7
) el . Ve # 0.
(@ S TRl S Xen(@)
max 513”2 mm(Q)
(proof: quadratic form in linear algebra.)

Then,

| A

Lemma

)\max (Q)
S i@

Amin(@) 121512115
For any Q =~ 0 and x # 0, Sy < T

% (stringent version) By Cauchy and Kantorovich inequalities:

212112161 _ A (Q)+ Amin (Q)]
Forany @ = 0and z #0, 1 < TE S D (@ (@)
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Convergence Analysis

The sequence {a:(k)} generated by steepest descent method on minimizing
quadratic function converges a minimizer x* for any x(©).

proof. assume g(*) £ 0.

Ock”g(k) ||%2 (2 ||9<k)\|§ _ ak)

T = Tg®TZ -y \*1g™15,
[ENAT;
Xe=1"TkY | 2
la®I g, g™ |12

QA Pl PN PN PR

4>\max(Q)>\min(Q)
Do (@) P (@ = Ve =1

o0
= Y =0

=0
— V(z®) =0 o,
¥ <}
— ) - g ~~v-
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Convergence Analysis

Notation: GD=gradient descent method.

Corollary (GD with fixed stepsize: 1) = 2*) — qg()

The sequence {x®)} produced by GD with fixed stepsize on minimizing quadratic
function converges to =* for any (©) and a € (0, m)

akllg(")\lé( g™ 113 ap=a Hg(”H g™ |
roof. = 2 2 — | —— 2 2 — ).
P R PIO) A g™ — Yk =Ygz, g™ 1%

Jo g ler Taeeds L

To®T% 0 = Ta™IE o™ Scaualiy, 1971 1 =

lg™15 < 1

9% = Mmax(@)°

€0, x2rgy)
:()Const>0

e > o Amin(Q)]? (#@) B a)

z%—oo —= V(W) =0 = =0 - x*
= L3

* a€ ( (Q)) is necessary and sufficient condition, i.e., any « beyond
interval can't guarantee the convergence (contradictory proof in textbook )%
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Convergence Analysis

Example (GD with fixed stepsize: z*t1) = zk) — qg(k))

Minimize f(z) = ix' [3 2\5/1 z+a’ E

+ 24.

T
a1 [4 2v2 4 2¢/2 (4 V2
a3 ([0 [ 5) - [
= Anax(Q) = 12
.. GD with fixed stepsize o € (0, %) converges to x*.
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Convergence Analysis

Theorem (convergence rate of steepest descent method)
If steepest descent method minimizes quadratic function, then

2
V) < (51) VE®).

proof. ~ V(@) = (1= 3) V(2¥) and pesl@un(@ < o,

>\max (Q) _>\min (Q) 2
V(a(k+D) < Rmellieimnl@i v (2(8))

o Amax (Q) 2
—n, (D) < Ly (),

* c= %ziﬂz is called convergent rate. [converge fast if ¢ | 0; and vice verse]
% one step convergent (i.e., ¢ = 0) <= Apax(Q) = Amin(Q).
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Convergence Rate

Definition (Let {"}?°, be a sequence convergeing to x*)

The order of convergence PR le D —a*|o
g b, if limg_s o0 Tz —z+ & S (0700)7

of the sequence {z"}2° 2l
is defined by 00, if limy o0 “pm—prr =0, ¥p >0

% The large the p is, the faster the convergence of {z*}°

(D) _gp* |5

particular cases: let limy_, ”meT”, =l

e sublinear: p=1and u=1; e superlinear: p=1 and =0 (also p > 1);
e linear: p=1and p € (0,1). e quadratic linear: p = 2.

C ot = limg oo z®) =0

0, p<l1,
lim 2~ ={ 1, p=1, = l-order and sublinear
o p>1,

|z(k+1)_x* .
|x(k) —x* ‘P -
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Convergence Rate

* = limg_oo 2 =0

. lzE+D g% k(1_p) i1 0, p<1 .
lim = lim ~ p —> {7, p=1 = l-order and linear
k—o00 |z (F) —zx P k—)oo ’
oo, p>1

* = limg_eo 2 =0

et g 0, p<yg
dm e = i y O = 01, p=q = groner
oo, p>1

p(BH1)
. o k . —x
2* = limgoo 2® =1, - khm Iw(’”—fIJ =

0, Vp > 0 = oo-order
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Convergence Rate

a = O(h): Je such that |a| < c|h| for sufficiently small h.
a=o(h):  —+0ash—0.

If |2+ — x*||y = O(||&®) — z*||5), then z*) — x* in > p-order.
If [|2®+1) — x*[|y = o|[x® — x*|]5), then ¥ — z* in > p-order.

|m(k+1)_z*| ‘m(k+1)| 1

. kli)n;o m = kli{{.lo W = §:> 2—0rder
why? ok—1
2t = ot 2 e ()
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Convergence Rate

Question: For V(z®*+1) = (1 — 4;,)V(x™®)), when 75, = 1?

For steepest descent method, ~;, = 1 iff g¥) is an eigenvector of Q. I

k
lg ™3 _ g
T 15T T,

proof. (<) if g(¥) is an eigenvector of Q = ;, =

(=) if e =1= V(e*t)) = 0 = =+ = g~
Sxt = .’B(k) — Ozkg(k)

s Qe = Qx™ — Qg e,

L gk = QgM= g(*) is an eigenvector of Q

(62

% (inversion of Lemma) if g(¥) isn't an eigenvector of @, then 7, < 1.

exercise in textbook: 8.4, 8.10, 8.16 I
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