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Multi-objective Optimization

@ single-objective optimization: involves only one objective function;

@ multi-objective (multicriteria/vector) optimization: involves a number of
conflicting objectives. The objectives are in conflict with each other if an
improvement in one objective leads to deterioration in another.

Definition (multi-objective optimization problem)

min f(x), s.t. x € Q, (1)
f1 (.’El,"EQ, e ,Ilfn)

. f2 (x17x27"‘7mn)
where Q CR" and f: R" —» R/, ie, f(x) = i

fg ($1,$2, oo ,:l?n)
% (1) may have no unique optimal solution. ;@&
purpose: find &* € {2 and optimizes f.

Chapter 24  Multi-objective Optimization



Multi-objective Optimization

three different types of multi-objective optimization problems:

© Minimize all the objective functions.
@ Maximize all the objective functions.

© Minimize some and maximize others.

% O and ® can be converted into @.

Example (decision variable space, objective function space)

X2
objective

min f(z) = Fi (w1,22) feasible fslg;cctcieon
f2 (@1, @2) |7 i
s.t. ¢ € RQ, variables
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Multi-objective Optimization

Example (decision variable space, objective function space)

X, L

2

f 1 (‘Tl? 111'2) feasi?le glbgz,‘cig:e
min f(m) = f2 (xl, 1’2) 5 d.e%%tloc:a space
f3 (xh 562) variables

st. ¢ € R%

fy

% difference between single/multi-objective optimization: The former focuses
on the decision variable space; the latter focuses on the objective space.
% difficulty of multi-objective optimization: No natural ordering in the objective
space. =
5D

7566
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Pareto Solutions

Pareto solutions of multi-objective optimization (1)

For an z* € Q, if iz € Q such that fori = 1,...,¢, fi(x) < f; (x*), and for at
least one 4, f;(x) < f; (x*), then x* is called a Pareto minimizer (nondominated
solution); the set of Pareto minimizers (optimizers) is called the Pareto front.

Remark: x* is a Pareto minimizer & min Zl

U objective
A other feasible decision variable  that Shacs”
would decrease some objectives without
causing simultaneous increase in at least Pareto from
one other variable. I 7
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Pareto Solutions

Example (Pareto fronts of two-objective optimization)

f;
fp 2\
A min-max
min-min
Pareto
front
Pareto front >
> f4
fy
2 2
max-max
Pareto front
Pareto
front /' max-min
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Pareto Solutions

computing the pareto front: two solutions are compared and the dominated
solution is eliminated from the set of candidates of Pareto optimizers.

Notation: the rth candidate Pareto optimal solution:

*r *T *T *TT —
" =[xy 2y, 2], r=1,2,.., R,

where R is the number of current candidate Pareto solutions.
objective function value at point *":

F@)=[h@), fo@7),. .. fo(=)]" . )
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Pareto Solutions

Comparison: for any new solution candidate 2/, when evaluate the objective
function vector f(?), there are three cases:

2’ dominates at least one candidate solution.
27 does not dominate any existing candidate solutions.
x/ is dominated by a candidate solution.

for @, delete the dominated solutions from the set and add the new solution
x’ to the set of candidates.

for ®, add this new Pareto solution to the set of candidate Pareto solutions.

% %0060

for ®, do not change the set of the existing candidate Pareto solutions.
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Pareto Solutions

Example (two-objective minimization problem)

x* is a nondominated point, then Vi, x, f; (x*) < f;(x), and at least for one
component j of the objective vector, f; (*) < f;(x).

™7 fa)T

{5,6]  [30,45]
4,5 [22,29]
3,7  [19,53]
(6,8]  [41,75)
(1,4]  [13,45)
6,7 [42, 55]
(2,5]  [37,46]
(3,6]  [28,37]
2,77 [12,51]
[4,7]  [41,67)

Sol: start with the first pair as a candidate Pareto optimal
solution and then compare the other pairs against this
first pair, replacing the first pair as necessary. Then,
continue with the other pairs. The result of the search
gives the following Pareto optimal set:

p®T f(:r:“))T
4, 5] [22,29]
[1,4] [13,45]
2,7 [12,51]

(BT RIHAZE)
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Algorithm for Generating a Pareto Front

Notation:

J: the number of candidate solutions to be checked for optimality.

R: the number of current candidate Pareto solutions.

£: the number of objective functions, i.e. the dimension of the objective function
vector.

n: the dimension of the decision space, i.e. the number of components of .

Algorithm

@ Generate an initial solution ! and evaluate f*! = f (:cl) x! is taken as a
candidate Pareto solution. Set initial indices R :=1 and j := 1.

@ Set j:=j+ 1. If j < J, then generate solution 27 and go to step 3 .
Otherwise, stop.

(BRFRHER) Chapter 24 Multi-objective Optimization



Algorithm for Generating a Pareto Front

Algorithm

@ Set r:=1 and ¢ := 0 ( q represents the number of eliminated solutions from
the existing set of Pareto solutions).

Q IfVi=1,2,....¢ f; (z7) < f; (®*"), then set ¢ := g+ 1, f*F := f (27),

remember x*” that should be eliminated, and go to step 6.

IfVvi=1,2,...,¢ f; (x7) > f; (@*"), then go to step 2.

Set r:=r+ 1. If r < R, go to step 4.

If ¢ # 0, remove from the candidate Pareto set the solutions that are

eliminated in step 4, add solution @’ as a new candidate Pareto solution, and

go to step 2.

Set R:= R+ 1, " :=a, f*1:= f (27), and go to step 2.

© 00

©
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From Multi-objective to Single-objective Optimization

% discuss four techniques to convert a multi-objective problem to a
single-objective problem.

method |: weighted-sum method

To form a single-objective function by taking a convex combination of the
components of the objective function vector, i.e.
f@) =c' f(@),
c is a vector of positive components.
Trouble: it might be difficult to determine suitable weight (¢) values.

| \

method Il: minimax method

To form a single-objective function by taking the maximum of the components of
the objective vector, i.e.

f(@) = max{fi(z), -, fo(x)}.
Trouble: fi,---, fo are in the same units (i.e., the unit is consistent); f might not
be differentiable.

A\
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From Multi-objective to Single-objective Optimization

% a minimax problem with linear objective vector components and linear
constraints can be reduced to a linear program.

Example (Given vectors vy, - - ,vp, € R™ and scalars uy, - -+, uy,)
_ - - min vy,
y minmax{vr @ tur,o o, @t up), st. Az <b,
s.t. Az < b, (m > oT 5+
where A € R™*™ and b € R™. y="5 o
i=1,---,p.

Show that z* solves (1) < [:ac*T *]T solves (I1) with
y* = max{v] z* +uy, -, vy ¢+ up}.

proof: =) Suppose that * is optimal in ().
Let y* = max {vi'—w*—i— ULyees v;—m* + up},

. [@*T,y*] " is feasible in (1I).
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From Multi-objective to Single-objective Optimization

Let [mT,y]T be any feasible point in (Il).

- x is feasible in (1)

SLYy > max{virw—l—uh...,v;m—i—up}

> max{'uirw* —l—ul,...,'u;:c* +up} =y*

" [m*T,y*]T solves (I1).

<) Suppose that «* is not optimal in (1).
. 3 is feasible in (I) such that

y = max{’u;—m’—i—uh-u 7v;,ra:'+up}

< max {o] & 4+ uy,- v 2 +u,} =yt

: [m’T,y’}T is evidently feasible in (I1), and has objective function value
(y') that is lower than that of [m*T,y*}T.

g [w*T,y*]T is not optimal in (I1).

Chapter 24  Multi-objective Optimization



From Multi-objective to Single-objective Optimization

method Il

Assuming that the components of the objective vector are nonnegative, to form a
single-objective function by taking the p-norm of the objective vector, i.e.
f@) = [f(@)]lp or f(z) = [IF (@)} = (fr(®)” + -+ (fe(z)).
% the second method can be viewed as a special case of this method, with
p = 0.

The fourth method

To minimize one of the components of the objective vector subject to constraints
on the other components.

min fi (x),

s.t. fg(w) < bo,

| \

where by, - -+ , by are given constants that reflect
satisfactory values for the objectives fo,:-- , fo.
Remark: this approach is suitable only in situations
where these satisfactory values can be determined.

fe(x) < by;

A\
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