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Saddle Point Problem

let Y CR", ZCR™ and ¢ : X x Z = R.

(z*,2*) € X x Z is a saddle point of ¢ if urm ol masine at o
) x'z)

B(a",2) < $(a*,2%) < Bz, 2), Vi € X, 2 € 2. .

Or equivalently,

x* = are minoé(z., z* kurve of min
< g.LEX(z)( 9 )7

* *
7= argr&aggb(x ,Z).

Definition (minimax problem)

(P) w* = minmax¢(z, 2) (D) ¢" = maxming(z, z)

% worst-case design, zero sum game theory, equilibrium,

Theorem (minimax inequality)
Let X CR", ZCR™, and ¢ : X x Z — R. Then, w* > q*.
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Saddle Point Problem

minimax inequality: w* = min max ¢(x, z) > max min ¢(z, z) = ¢*

TEX 2€Z ZEZ rEX
" T
ST I
8 3 69 5 13 28 4
5 13 28 4 7 0 2 1 oz
7 0 2 1 z . . .2 .
WS RO =T = maning (r, 2) =3
proof. let p(z) = max o(z, 2) proof. let ¢(z) = min o(z, 2)
©op(x) > é(x, 2), Vz € Z. soq(z) < o, z), Vo € X.
. ] > 3 . <
. gél;lp(ﬂ?) 2 miy o(x,2),Vz€ Z, .. max q(z) < max oz, 2), Ve e X,
ie. * > mi . e, ¢¢ < .
ie., w _gél)r(l¢(x,z),Vz€Z e, q _gleagé(x,z),VxeX _
"z € Z is arbitrary, ¢ € X is arbitrary, ww’
L/(\
cLwE > maxmmqﬁ(az z)=q* gt < mmmaxd)(a: z) = w*

ze€Z xeX TEX, z€
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Saddle Point Problem

(z*,2*) € X x Z is a saddle point iff the minimax equality holds and
2* = arg min max o(z,2), 2" = arg max min o(z,z)

optimization problem: mig f(x)
xre

Q={zeR"|hi(x)=0,i=1,... m;g;(x) <0,j=1,...,1}
={x eR"|h(x)=0,g9(x) <0},

Lagrangian function: L : R™ x R™ x IR{Z_|r — R,
m l

L(z, A, p) = f(z) + XTh(z) + p'g(x) = f(x) + Zl Aihi(z) + -21 195 ().
1= 1=

By saddle point theory, what are the

min  max L(xz,A,pu) and max  min L(xz, A, p)
zeR™ AeRm,ueRﬁr Ae]R'",;_Le]RQr EISING

p(x) q(xp)
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hy? if h =0 <0
AER™ pueRL 400, otherwise
min max

L(x, A, <= min f(x rimal problem
B e Rt (2, A, 1) min f(z) [p p ]
o g\ p) = min Lz, A, )
xzCRn

max  min L(z, A\, p) <= max  ¢(A, ) [Dual problem]
AER™, pueR ER™ AER™, peRY

(P) mingege f(z) = 3(2 +23), sit. g(x) =1 -2, <0

- Lagrangian function L : R? x R, — R is defined by
L(z,p) = f(x) + pg(x) = 3(af +a3) + p(l — z1).

. . 24 22 Fermat *
~ ) = min L(w, p) = min {% + p(1 —xl)}:‘l (

rule xlvmz) = (:U’vo)
Log(p) = —"72 + powith p e R

2 KKT.
y tu——=p" =1=q" =qp) =

D) problem: 1
(D) problem: mex g(4) 1
. @ = arg min Lz, i)=& = (1,0)0= w* = f(2") = 3= w* = ¢".

xE

(BT RIHAZE)
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Assmue that x € R™, Q = 0, A € R™*™, b€ R™ and ¢ € R".

(P) min f(z) = ' Qx + c'x, st. Az <b

"~ Lagrangian function L : R™ x R* — R is defined by
Lz,p) =1z Qr+c'z+p' (Az —b).

~g(p) = min L(z, p) = min {327Qz + 'z + p" Az} —p'b.
By optimal condition, z* = —Q " '(c+ AT p).
q(p)=—3u"AQ AT —puT(b+ AQ 7 e) — 3¢TQ e
(D) problem: max q(p) = tp"Pu+d'p,
pERT
where P = AQ 'AT andd =b+ AQ'c.
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Example ((P) min f(z) = ¢'x, st. Az =b, x > 0)

*.» Lagrangian function L : R™ x R™ X R?E — R is defined by
Lz, \p)=c' - AT(Ax —b) — pu'x.

: — o AT _ 0T T
..q()\,p,)—mnéigriL(w,)\,u)—fenRgb{(c AT —p)Tz} +ATb.

ATh, ifc—A"A—pu=0
Soq(Ap) = :
—o00, otherwise

: T AT —
(D) problem: AeRIEii{eRi gqAp)=A"bst.c—A'A=p

e, maxA'h st. ATA<ec.

% Duality can reformulate an optimization problem in another format, even an

unconstrained one (why?). It provides another way to seek the minimizers.
% Some dual methods can be developed by probing the dual problem.

Theorem (weak/strong duality)

For any feasible points & € Q, (A, i) € R™ x R, then f(&) > q(A, x).

(BRFRHE R )
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% Dual gap: gap(z, A\, &) = f(Z) — q(\, jz)). Strong duality: no dual gap.

Theorem (weak/strong duality)

If strong duality holds, then both (P) and (D) have the optima.

Theorem (when the strong duality holds?)

Lagrangian function admits the saddle points iff x* and (X*, u*) are optima of
(P) and (D), respectively, and stong duality holds.

convex optimization: mig f(x) with f as convex function and 2 as convex set
EAS

stationary point < global optimum < local optimum = KKT point < saddle point

% “—" in above relation satisfies with Slater condition.
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Theorem (when Slater condition holds?)

@ Slater condition holds for all convex optimization with linear constraints.

o (P) is convex optimization, S has the relative interior point.

% strong duality may hold for nonconvex optimization (uneasy to analysis).

Homework: write the dual of the following problems

(1 )m%lf( x)=a? 423 st. v +a2—4>0, 21 >0, 22 >0.
£dS

(2) min f(z) =iz Qe +b'x, st. Az =b.
zER™

(3) nun.f(m) |$1|+—$2,$t.1@ <0, 22>0
mER2

(4)

(5) 1
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