Chapter 21  Problem with Inequality Constraints

1. Karush-Kuhn-Tucker Condition

2. Second-order Conditions
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Constrained Optimization

standard form of constrained optimization
min f(@), s.t. h(z)=0, ga)<0, (1)

where f: R" 5 R, h: R” - R™ (m < n), and g : R" — RP.

% For inequality constraint, e.g., g;(x) > 0, it can be reformulated as —g;(x) < 0.

Definition (active/inactive constraint)

An inequality constraint g;(x) < 0 is said to be
active at «* if g;(«*) = 0; and inactive at z* if g;(a*) < 0.

Let J(x*) be the indices of active inequality constraints at *, i.e.,
J(x*) :={j | gj(x*) = 0}.

Let z € R?, g;(z) <0 (j =1,2,3)

be inequality constraints. By viewing the left figure,
x* € R? is a minimizer. (why?)

Clearly, the inequality g3 < 0 is inactive, i.e., g3(x*) < 0.
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Constrained Optimization

Definition (regular point)

Let «* satisfy h(z*) =0, g(x*) < 0. * € R™ is a regular point if the vectors
{Vhi(x*)}iy, {Vgj(x*)} jci(ar) are linearly independent.

Lemma (Farkas’ Lemma)

Let cone C := {x € R™ | :c:Z;n:l pja;, pj >0, j=1,--- ,m} and its polar
cone C° := {yER"|a;y§0, j=1,--- ,m}. Then, "y <0 for all z € C
and y € C°.

proof. (trivial to check). Let @ satisfy &y < 0 for all y € C°, and consider its
projection & on C'.

(-0 (z—2)=|z—z|>, (x—2)Ta; <0, Vj=1,---,m.
. (& — &) € C°, and using the hypothesis,
2 (r-z)<0=z=2=—2xcC.
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Constrained Optimization

Example (linearly constrained optimization)

min f(x), s.t. a;r:cgbj, j=1,---,m. 2)

If * is a local minimizer, then there exists pu* = (u7,--- , ) € R such that
V@) +30 wha; =0, p;=0, Vj¢J(z*)

% Property: no need for regularity.
Analysis: As a local minimizer &* of (2) is also a local minimizer of

min f(x), s.t. a;w <b;, jeJ(x").

M Vf(x*)" (& —x*) > 0, Ve satisfying a] & < b;, j € J(x*).
“ajx <bj, je J(x*) can be written as a; (x — x*) < 0, we have

Vi(z*) Ty >0, Yy satisfying ajTy <0, jeJ(x¥).
By Farkas' lemma, =V f(z*) = > puja;, forsome uj >0, j€ J(
jeJ(x*)
To complete the proof, let i =0 for j ¢ J(z*).
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Karush-Kuhn-Tucker (KKT) Condition

Theorem (Karush-Kuhn-Tucker condition)

Let f, h, g € C' and let =* be a regular point. If x* is a local minimizer of
problem (1), then there exist A* € R™ and pu* € RP such that

@ primal feasibility: h(z*) =0, g(z*) < 0.

Q dual feasibility: p* > 0.

© primal optimality: Df(x*) + A*T Dh(z*) + p* " Dg(z*) =0".
@ complementary slackness: p*"g(z*) = 0.

v

* A* € R™ and p* € RE are called the multipliers associated with equality and
inequality constraints, respectively.
% By defining Lagrangian function L(z, X, ) : R” x R" x R, — R by

m

L(z, A\ p) == f(z) + X h(z) + p' g(z) = )+;Ml( )+ZM797( )
% primal optimality < nelié},,l’(w’)"“)'

% primal feasibility < max  L(x, A\, p).
AER™ uER”,
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2D lllustration of KKT Condition

Discussion: *.* p; > 0 and g;(z*) < 0, the complementary slackness

pg(@") = pigi(a®) + piga(x®) + - + ppgp(a) = 0
implies that
o if gj(x*) <0, then its multiplier u* =0, i.e., u =0 for all j ¢ J(x*);
o if gj(x*) = 0, then its multiplier u} >0, i.e., uj > 0 for all j € J(x™).

1,2, 3) be inequality constraints

By viewing the left figure,

x* € R? is a minimizer. (why?)

Clearly, the inequality g3 < 0 is inactive,
ie., gs(x*) <0, .. pi=0.

e, By the KKT conditon, we have

e V(@) +piVei(x*) + p5Vga(z*) =0,
where 7 > 0 and p3 > 0.

. Vf(x*) is the conic combination of
—Vg1(x*) and —Vga(x*) with positive
8s~0 coefficients.

Feasible set ~

gs0

t=cg

Cy<Cp<Cy

91=0
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Proof of KKT Theorem

*

- x* is a regular local minimizer of f on {x € R" | h(x) =0, g(x) < 0},

.« is also a regular local minimizer of f on the set
{z|h(x)=0, gj(x)=0, jeJ(x*)}.

By Lagrangian theorem, there exists A* € R™ and p* € R? such that
Df(x*) + X "Dh(z*) + p* " Dg(z*) =0",

where p7 =0 for all j ¢ J(x™).

To complete the proof, it suffices to show that: pf > 0 for all j € J(z*),
which can be proven by contradiction.

Assume that there exists j € J(z*) such that u} < 0. Let us denote

={z|h(z) =0, gi(z)=0, i€ J(z"),i#j},
(z*) :={y | Dh(z*)y =0, Dgi(x*)y =0, iec J(x*),i#j}.

S
T
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Proof of KKT Theorem

o x* is a regular point,

. 3y € T(z*) such that Dg;(z*)y # 0 (why?)
Indeed, for all y € T'(z*), R
if Dg;(z*)y = Vg;(x*) "y =0, then Vg;(x*) € T(z*)*

. Vy,(x*) € span [Vhg(z*),k =1,...,m,Vg(x*),i € J(x*),i # j].
However, this contradicts the fact that «* is a regular point.
Assume that there exists y such that Dg;(x*)y < 0.

The Lagrange condition is

Df(@*) + X" Dh(a") + u; Dg;(x*) + Y ui Dgi(@*) =07
i#]

By postmultiplying y and using the fact that y € T(a:*) we have
Df(x")y = —u;Dg;(x")y oy

w.\
~ Dgj(x*)y <0and p; <0,. . Df(z")y <O0.
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Proof of the KKT Theorem

-y eT(z"),
By Theorem 20.1, we can find a differentiable curve {z(¢) | t € (a,b)} on S
such that there exists t* € (a, b) with z(t*) = * and &(t*) = y,

d * - *
& F@(t) = D)y < 0
This means that there exists 6 > 0 such that V ¢t € (¢*,¢* + 4],
flx(t) < f(=(t")) = fz").

© 49i(@(t) = Dyg;j(a*)y <0
.o 3de>0and Vit e [tht* + ¢, gi(x(t)) <O0.
©gi(x(t) <0, f(x(t) < f(a*) for all t € (t*, t* + min{d,e}).

This contradicts the assumption that x* is a local minimizer. o
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Application of KKT Condition

Lagrangian function L : R x Ry — R reads L(R, ) = —% + p(—R).

primal feasibility: — R < 0.
dual feasibility: p© > 0, (%)

*
primal optimality: — ‘0707 — =0,

complementary slackness: puR = 0,

KKT condition (system):

Solve KKT system (*) by two cases:
@ if 4 > 0, then R = 0 by the complementary slackness, which contradicts the
primal optimality.
e if u =0, then R = 10 by primal optimality.
Overall, the only solution to KKT condition is R = 10 and p = 0.
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Application of KKT Condition

i 4000 e
min - — e, S t. —R <0.
Lagrangian function L : R x Ry — R reads L(R, ) = —(133—01%2 + p(—R).

primal feasibility: — R < 0.
dual feasibility: p > 0,

: k. 8000 _ ()
primal optimality: TorRE ~ M= 0,

complementary slackness: uR = 0,

KKT condition (system):

Solve KKT system (**) by two cases:
Q if x> 0, then R = 0 by the complementary slackness. It follows by the
primal optimality that ;1 = 8, which also satisfies the dual feasibility.
@ if u =0, this contradicts the primal optimality.

Overall, the only solution to KKT condition is R =0 and p = 8.
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Application of KKT Condition

2 4 22+ 1129 — 311, S.t. x>0, T2 > 0.
Lagrangian function L : R? x R — R reads
Lz, p) = 22 + 23 + 2172 — 371 — p1T1 — H2T2.
KKT system:
primal feasibility: x1 > 0, x5 > 0.

dual feasibility: w1 >0, p2 > 0,
primal optimality: 2xy + 22 — 3 — 1 =0, 2x5 + 7 — e =0,
complementary slackness: piz1 =0, poze =0,

(%)

Solve KKT system (*) by four cases:
Q 111 =0 and sy = 0, KKT has no solution (why?).
Q u1=0and,u2>0,u1:0, ,LLQZ%, 161:%7 zo = 0.
@ 11 >0 and pe =0, KKT has no solution (why?).
@ 11 > 0and pe > 0, KKT has no solution (why?).

Overall, the only solution to KKT condition is 11 = 0, po = 2, 21 =3, 25 =0.
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Application of KKT Condition

min f(z) = -1  log(z; + ), s.t. x>0, 1Tz =1.

Lagrangian function L : R™ x R x R — R reads
L p) = f@)+ 31Tz —1)—pTa

n n n
=— Zlog(zi + a;) + A(Z x;— 1) — Z,uixi.
i=1 i=1 i=1

primal feasibility: >0, 1Tz =1
dual feasibility: g >0

KKT system: i . 1 . (%)
primal optimality: — e T A—pi=0, Vi=1,---,n
complementary slackness: p;z; =0, Vi=1,---,n

Solve KKT system (*) by four cases:
o if)\<aii,thenm:Oanda:i:%—ai.
Q if/\zali,thenui:/\—a%and x; = 0.
Q determine Aby 1 =1T2z ="  max{0, 3 — a;}.
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Application of KKT Condition

Example (complementary problem)

‘min f(x), s.t. wzﬂ‘&‘OSwLVﬂw)ZO‘(Why?)

% KKT is only necessary condition of minimizer, i.e., the solution of KKT is
only a candidate of minimizer.

Example (some exercises)

min r; + xa, s.t.2— 7 — 23>0, z* = (-1,-1)

f.ltl.n;i ;fxi'xg >0, 23>0 z* = (-v2,0)

min 3 (2 +a3), st.a; —1<0 z* = (0,0) and v* =0

Zntm :;xfafg—2go,x1 > 0,29 >0 x*:(g’\/g) and) o = (0;0)

min ¢'z, st. (x—a)'A(x—a)<b | x*=a- AQ;:C with v = \/Cbe_lc
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Second-Order Condition

Definition (min f(z), s.t. h(x) =0, g(x) <0)

The Hessian of Lagrangian function with respect to x
L(:l:, A p) =F(z)+ [)\H(:l:)] + [“G(w)]v
where F(x) is the Hessian of f at @,

AH (x) = M\ H(x) + - + A\ Hyp (z) with H; () as the Hessian of h; at x,
pG(x) = mGi(xz) + - - + ppGp(x) with G;(x) as the Hessian of g; at .

* Let J(x*,pu*) = {i| gi(x*) =0, uF > 0}. The tangent spaces at x* are
T(x*) ={y € R" | Dh(z*)y = 0,Dg;(x" )y =0,j € J(x*)},
T(x*, 1) = {y | Dh(z")y = 0, Dgi(¢*)y = 0,i € J(z*, u")},

* J(x*, pu*) C J(x*) = T(z*) C T(x*, u*).
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Second-Order Conditions

Theorem (second-order necessary conditions, SONC)

Assume that f, h and g € C? for optimization (1). Let x* be a local minimizer. If
x* is regular, then there exists A* € R™ and p* € RP such that

O (z* X, pu*) € R" x R™ x RY satisfies the KKT conditions.

Oy L(z*, X\, u*)y >0 forally € T(x*).

proof. @ is the result of KKT condition.
® ‘- x* is a local minimizer over {z | h(z) = 0,g(x) < 0},
.. it is also a local minimizer over {x | h(xz) = 0, g,(x) =0,j € J(x*)}.
*. the SONC for equality constraints can be applicable.

Theorem (second-order sufficient conditions, SOSC)

Assume that f, h and g € C? for optimization (1). If there exists a feasible point
x* € R™ and vectors X* € R™ and p* € RY. such that

O(x*, X", u*) € R" x R™ x RE satisfies the KKT conditions.

Oy L(z*, \*, u*)y >0 forall 0 #y € T(x*, u*).

Then, x* is a strict local minimizer of (1).
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Second-Order Conditions

Example (min zix9, s.t. 27+ 29 > 2, 29 > 1)

(a) write the KKT condition of this problem.

(b) find all solutions of KKT condition and check whether the solution is regular.
(c) find all points in part (b) which also satisfy the SONC.

(d) find all points in part (c) which also satisfy the SOSC.

(e)

e) find all points in part (c) which are local minimizers.

Ans: Lagrangian function L : R x R — R reads

L(z, p) = 122 — pa (71 + T2 — 2) — pa(z2 — 71).

KKT system:
primal feasibility: ©1 + z2 > 2, =2 > x1,
dual feasibility: 1 >0, pe >0,
primal optimality: zo — 1 + o =0, 1 — g — p2 = 0,
complementary slackness: pq(z1 +x2 —2) =0, po(xe —x1) =0.
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Second-Order Conditions

Solve KKT system (*) by four cases:
Q p1 >0, g >0: X
Q 1>0, =0 V= pr=1,p3=0 2} =a=1.
Q 11 =0, ug > 0: X
Q ,U1=O, [LQZOZ X
i =1 D¢ (z*) = [-1,—1]
a3 =1 Dgs(z*) = [1,—1]
. T(x*) = {0}, which implies that the SONC is satisfied (why?).
o L(x*, p*) = [(1) (1)} and
T(x*,p*) ={y | [-1, -1y =0} ={y [ 1 = —y2}.
By taking y = [1, —1]T € T'(z*, u*), we have y " L(z*, pu*)y = -2 < 0,
which means that the SOSC fails.
e Indeed, by drawing the constraints and level sets of the objective function.
Moving in the feasible direction [1, I]T, the objective value increase;

= x* is regular.

—N—

= {g;}2_, are active = {

Moving in the feasible direction [~1,1]T, the objective value decrease.

. x* is not a local minimizer.
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Second-Order Conditions

min f(a:) = (.231 = 1)2+l‘2 — 2,
st h() =22 —21—1=0, g(x) =21 +22 — 2 <0.

. Vh(x) and Vg(x) are linearly independent, .. all feasible points are regular.
Lagrangian function L : R? x R x R, — R reads

Lz, \p) = (21 —1)2 + 20 — 2+ ANy — 21 — 1) + p(ay + 20 — 2)
primal feasibility: o — 21 —1 =0, x1 + 22 —2 <0,
dual feasibility: p > 0,

primal optimality: [221 —2 - A4+, 14+ A 4+pu] =0T,
complementary slackness: u(zq +x9 —2) =0.

KKT system: (%)

Solve KKT system (*) by two cases:

2¢1 —2—-XA+pu=0 xlzé
1+ =0 =3
QIfu>0 () tAtu — {7
1‘2—$1—1:0 =-1

T1+22—2=0 /L:()*)X
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Second-Order Conditions

201 —2—-A=0 T =3 - x*isa
B 1+XA=0 To = % solution of KKT,
Q Ifp=0 () = To—11—1=0 = A=—-1 = also a candidate
T+ 1y —2<0 L=0 of minimizer.

We now verify * = [1,2]T, A* = —1 and p* = 0 satisfies the SOSC.
v L™, A", pt) = F(x") + A" H (") + " G(z7)

R 2 o
and T(x*, u*) = Dh(z*)y = 0} = {[a,a]" : a € R},

.y L(x*, \*, ")y = [a,d] {0 0 [Z]zQag.

By the SOSC= z* = [1, 2] is a strict local minimizer.
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Quadratic Constrained Quadratic Program

Definition (quadratic constrained quadratic program, QCQP)

min 3z’ Qr+c'z+r, stx' Pet+q/x+r, <0,i=1,...,p
where Q € R"*™, ¢ € R", P, €¢ R"*", q; € R",.

properties of QCQP:

QCQP <= minimize/maximize quadratic function on quadratic constraints.
e if Q@ >0 and P; > 0, then QCQP is convex optimization.

o if P, =0, then QCQP reduces to QP.

e if @ =0 and P, =0, then QCQP reduces to LP.

| A
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Second-order Cone Program

Definition (2nd-order cone program, SOCP)

min c¢'x, st Az +bls<ulx+v,i=1,...,p
where ¢ € R?, A; € R™"*" b, ¢ R" K u; € R?, v; € R.

properties of SOCP:

SOCP <= minimize/maximize objective function on second-order cone
constraints (a generalization of QCQP and LP).

e constraint is equivalent to [A;x + bi,u;-'—a: + v;] € second-order cone in R™+L
e if n; = 0, then SOCP reduces to LP; if w; = 0, then SOCP reduces to QCQP.

| A
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Remark: Optimality condition |

Let f: R™ — R be differentiable.
FONC: first order necessary condition
SONC: second order necessary condition
SOSC: second order sufficient condition

< Iin f(z) min f()
e FONC | Gr@y =0 dTV f(z*) > 0,vd € T(z*)
o | SONC 1 G2 pip) 0 dTV2f(z")d > 0,¥d € T(z*)
s | SOSC Vf(x*)=0 d'"Vf(z*) >0,
V2f(z*) =0 d"V?f(x*)d > 0,vd € T(z*)

* if f is convex function and €2 is convex set, then % can be &)
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Remark: Optimality condition |l

Let f : R™ — R be differentiable.
(=, X) = f(z) + ATh(z) = f(z) + 327 Aili(z)
L(z, ) =V2,1(z,\)

min f(x), st. £ € Q={x € R" | hy(x) =0,i=1,2,--- ,m}
FONC | JV/f(z*) =30 AiVhi(z)
hi(@*) =0, i=1,---,m
V(@) =30 MiVhi(z®)
e —— hi(w*):07i:17...7m
and d"L(x*,\)d > 0, Vd € T(z*)
Vi(x*) =30 AiVhi(z*)
— hi(x*)=0,i=1,---,m
and d" L(z*,\)d > 0, Vd € T(z*)
* if f is convex function and €2 is convex set, then :F—QI—\I—g> can
i.e., hi(x) = a; & — b; are linear functions

4

x* is local min
wn
@)
b=
)
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Remark: Optimality condition IlI

Let f: R™ — R be differentiable.
(=, A) = f(z) + ATh(z) = f(z) + X7 Aili(z)
L(z,\) = Vo, l(z,\)

min f(x),

st zeQ={xeR"|hi(x)=0,i=1,...,m; gj(x) <0,j=1,...,p
hl(m*) = OaZ = 17 7m;gj(x*) < 03.7 - 13 , D

c E— ,uJ * m * P *

£ V(@) £3 20, MiVhi(x™) + Zj:l 1;Vgj(*) =0

S pigi (@) =0,j =1, ,p

= | 2N€ | FONC and dT L(z*, A, p)d > 0,¥d € T(x")

% | 295C | FONC and dTL(z*, A)d > 0, Vd € T(a*)

% if f and g; are convex and ) is convex set, then % can be

i.e., hi(x) = a] € — b; are linear functions
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Homework

Textbook: 21.1, 21.6, 21.24

Example (some exercises)

min z; + 2, st.zf+x5—2=0

min 2(zf +25 — 1) — 21, st. i +23 =1
min r1 + 29,

s.t. x%+x%=2,0§m1§1,0§x2§1
min z1 + xo,

s.t. z%—!—:r%ﬁl,ml—kzg:?)

min 122, S.t. 1+ a9 =2
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