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Dual Linear Program

primal and dual of LP

primal problem (P)
.T why?
min ¢'x

st. Ax=b, x>0

writing the dual problem
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Dual Linear Program

primal and dual of LP

primal problem (P) dual problem (D)
. T Why? . T
min ¢ x — Sl min A'b
t t
st. Ax=b, x>0 O S Rl FEEE st. ATA<e

% Other forms of dual problems can be derived from the principle of duality.

Example (write the dual of the following LP)

min 8%1 = 61’2 = 31‘3 T 6:274

s.t.  x1+2xo +x4 >3

3rx1 +x9 +x3+4>6

T3 +T4 > 2
z;>20,5=1,---,4.
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Dual Linear Program

primal and dual of LP

primal problem (P) dual problem (D)
. T Why? . T
min ¢ x — Sl min A'b
t t
st. Ax=b, x>0 O S Rl FEEE st. ATA<e

% Other forms of dual problems can be derived from the principle of duality.

Example (write the dual of the following LP)

min 8%1 aF 61’2 aF 31‘3 F 6:274 i 3IU1 ™ 61U2 + 2’LU3

<
s.t. 1 +2x9 +x4 >3 G i =8
! 2 3 4= we +wsg < 3

T3 +x4 > 2

<
z]ZOaJ:17a4 o +w2+w3_6

w; >0, j=1,2,3.
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Dual Linear Program

Lemma (weak duality)

Suppose that © and X are feasible solutions to primal and dual LP problems,
respectively. Then, c'x>ATh.
(Proof: On the blackboard.)

Theorem

| A

Suppose that xy and A are feasible solutions to the primal and dual, respectively.
IfeTxg = )\g b, then xy and \g are optimal feasible solutions to their respective
problems.

(Proof: On the blackboard.)
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Dual Linear Program

Theorem (duality theorem)

If primal problem has an optimal solution, then so does the dual. Moreover, the
optimal values of their respective objective functions are equal.

proof. Case 1. assume that the dual problem has a feasible solution A.
Analyze the initial and final simplex of standard LP
initial simplex of standard LP  final simplex of standard LP

A bl |B D b . I B~ 'D B~ 'b
¢’ 0| |leg ¢ O 0" ¢, —c5B'D —cpB™'b
We can observe that:

Q rD_cg—cBB 1D>O:>(,TB ‘D<cD
By denoting A" := ¢, B !, then )\TD < cD
ATA=AT[B,D] = [)\TB,)\TD] [ ,ATD] < [cB,cB] =c
- AT < ¢, which implies A = B~ Teg is afs. of the dual LP.

T

(BT RIHAZE)
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Dual Linear Program

@ we now prove A is an optimal f.s. of the dual LP.
*ATb = c5B~'b =optimal function value,
.. Ais a optimum of the dual LP.

how to get the dual solution from the final simplex?

initial simplex of standard LP  final simplex of standard LP
A bl |B D b:>I B~'D B~ 1b
¢’ 0| |eg ¢5 O 0" ¢, —cgB'D —cLB'b
@ case 1: rank(D) = m. Solving linear equations

A'D=cLB'D=c},—r}.

@ case 2: rank(D) < m. Solving linear equations

A'B = cj XL
- C? = AT {B} = [ L ¢B T} — ATA=c" 7T
AMD=cg—rp D B~ "D
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Dual Linear Program

Example (write the dual of LP and find the optimum)

max 2z + dxo + T3
s.t. 2x1 —x9 +7x3 <6
T +3£IJ2 +4{133 S 9
3x1 +6x9 +x3< 3
z; >0,:=1,2,3
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Dual Linear Program

Example (write the dual of LP and find the optimum)

max 2xy + 5xo + T3 min —2x1 — 5z — 3
st. 21 —xo+723<6 s.it. 2x1 —xo +7x3 414 =6
x1 +3z2 +423< 9 stan:dard> T1 +3x2 +4x3 +x5 =
311 +61y +zz<3 form 3z, +622 +x3 +26=3
x; >0,i=1,2,3 r;>20,i=1,---,6
initial simplex final simplex
a, ay a3 a4 as ag|b ?51 as az 624 s ag ?g
2 -1 7 1 0 016 =2 01 0 =
S>-=e ] By 43 435 | 5%
W
-2-5-10 0 0]0 ﬁoof’o@ﬁ‘*
i3 13 3

2 1 0
CATD=cp—rh = M2 08] |10 0] =[-2,0,0] - [35, 45, 28]
3 0 1

DAl =[—4,0,-38]
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Dual Linear Program

Theorem (complementary slackness)

The feasible solutions pairs (x,\) are optimal for primal and dual LPs <—
(" —=ATA)xz=0and AT(Az — b) = 0.

proof. Use complementary relaxation theory for constrained optimization.

Example (write the dual of LP and find the optimum)

min — (271 + 22 + 73 + 474) dual, max 26

stooidotey  +ma=20== "y 9 A< 1, A< -7, A< 4
2;>20,1=1,---,4

Obviously, the maximizer of dual is A\ = —7.

How to get minimizer of primal by complementary slackness?
Ans: primal minimizer x of satisfies

(CT — )\TA) =0 i.e., (_[27 177a 4] - (_7)[1a 1; 17 1])$ =0
>

AT(Az —b) =0 [1,1,1,1]z — 26 =0
oz =10,0,26,0]T.
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Dual Linear Program

Example (write the dual of LP and find the optimum)

max 2x7 + dxo + T3 min —2x; — 5x9 — x3
s.t. 2x7 —x9+7x3 <6 dual t. 2w —xo +Tx3 424 =
1 +3x +423 <9 — x1 +3xo +4a3 +x5 =9
3r1 +6xs +x3 <3 3r1 +6x9 +x3 +z5=3
r; >0,i=1,---,3 r; >0,i=1,---,6
min [¢",07]z dual | max ATh
st. [ATe=b |=—=| st. AT[AI]<[c",0]
x>0 A>0
2 -1 7 6 -2
By defining A=1|1 3 4|,b=|9|,c=|-5].
3 6 1 3 -1

Use the two-phase method to solve the dual LP.
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Dual Simplex Method

Motivation: For a standard LP, when A has no identity matrix, we should use
two-phase method or big M method.

Tip: solve a standard LP by using the properties its dual, find the optima without
introducing artificial variables (b > 0 can be unnecessary).
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Dual Simplex Method

standard LP
min ¢'x -
st. Ax=b, x> 0.
T Tyl Ty e Tp b
1 a1,m+1 ay - G | by
1 Okom+1 " | GRl Gkn | br
1 am,m+1 ce Am] Amn bm
O ... O PR O 0’m+1 PR 0’l O-TL fO
If b < 0 and update the simplex with pivot element ay;, then we have
by ag; .
p=— and 0 =0, — —Lo,j=m+1,-- ,n. (1)
akl akl

Thus, the pivot element ag; should satisfy

gy (o]
ar <0, and — :max{] | ap; < 0}.
agl Qg
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Dual Simplex Method

Example (solve LP by dual simplex method)

original LP
min x + 2x9
s.t. T +2x9 > 4
T S 5
3x1 +222>6
z; >0,1=1,2
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Dual Simplex Method

Example (solve LP by dual simplex method)

original LP standard form LP (P0)
min x + 2x9 min x; + 2xo
s.t. T +2x9 > 4 | stardard | s.t. @1 +2x9 —3 =4
T S 5 form T +x4 =5
3x1 +x2>6 3r1 +x2 —x5 =06
z; >0,i=1,2 x;>0,i=1,---,5

Note: the above LP can not be solved by simplex, should be applied two-phase
method or big M method. Now, we solve it by dual simplex method.

Ans:

matrix form of (P0)

Ty T2 T3 T4 T

—_
(a]
OOy U O
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Dual Simplex Method

Example (solve LP by dual simplex method)

original LP standard form LP (P0)
min x + 2x9 min x; + 2xo
s.t. T +2x9 > 4 | stardard | s.t. @1 +2x9 —3 =4
T S 5 form T +x4 =5
3x1 +x2>6 3r1 +x2 —x5 =06
z; >0,i=1,2 x;>0,i=1,---,5

Note: the above LP can not be solved by simplex, should be applied two-phase
method or big M method. Now, we solve it by dual simplex method.

Ans:

matrix form of (P0) scaling 1st and 3rd rows

T1 To T3 T4 Ty |b T1 Ty T3 T4 T5| b o

12 10 04| |[Z1] 21 0 o|-a] 7 B=0andsomeb<O
100 1 0ls T 0 0 1 0ls .. operate on b; < 0.
310 0 —116 23 10 0 1l-6 e.g., operate 1st row.
12 0 0 010 1 2 0 0 0]0
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Dual Simplex Method

xr1T X2 Tr3 X4 Ty b
2 -1 0 0 4| ~rp>0andb>0,

1

6

1
0 -2 1 1 0 .. (P0) is solved.

0 5 -3 0 1 optimal f.s is (z1,22) = (4,0).
0o 0 1 0 0 -4

Example (solve LP by dual simplex method)
standard form LP (P0)

original LP
min 12x7 + 8xo + 163 + 1224 min 12x1 + 8x9 + 16x3 + 1224
s.t. 2z 4o +4a3 >2 |=| st 2z +zo +4z3 —xs5 =
2x1 +2x9 +4x4 > 3 2x1 +2x9 +4xy —Tg =

xi207i:17"'74 IzZO’l:Lﬁ
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Dual Simplex Method

matrix form of (P0)

1 T2 XT3 T4 Ty Ig
21 4 0 -1 0
2 2 0 4 0 -1
12 8 16 12 0 0 |0

scaling 1st and 2nd rows
1 Tz 3 T4 X5 Te| b | - rp>0and somedb <0
=|-2-1-4 0 1 0]-=2| - operateonb; <O0.

-2 -2 0 |—4| 0 1|-3]| e.g., operate 2nd row.

12 8 16 12 0 0] 0

w N oY

T ) Tr3 Ty4 Iy T b

‘o rp>0and someb <0
:>f2f4 01 0|2

t b; < 0.
0 1 0 — operate on b;
e.g., operate 1st row.

(2] NI
DO b
—_

[«

(e

o

w

\

Ne
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Dual Simplex Method

T1 Xo T3 T4 Ty Tg | b
2 1 4 0 -1 0| 2

= 1 1 1 1
21 0 =21 5 —4|—3
2 0 8 0 2 3 |-13

1 T2 X3 X4 Iy Tg b

0 1 —4 4 1 —-1] 1

Tl o0 4 —2 -1 1]}
0O 0 0 4 4 2 |-14

*rp >0and someb <0
.. operate on b; < 0.
e.g., operate 2nd row.

“rp >0and someb <0
.. operate on b; < 0.
e.g., operate 2nd row.

Thus, the optimal solution is (x1,x2,x3,z4) = (1/2,1,0,0).

Note: We can also get the optimal solution of the dual as (A1, \2) = (4, 2).

(BF

R AE)
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Homework

Exercise in the text book: 17.5,17.10,17.15,17.24.

Chapter 17 Dual Simplex Method



