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Elementary Row Operations

revisit: elementary row operations

elementary row operation on matrix is an algebraic manipulation corresponds to
one of the followings:

@ interchanging any two rows of the matrix

® multiplying one of its rows by a real nonzero number

® adding a scalar multiple of one row to another row.

linear equation can be transformed into canonical form by a finite number

elementary row operations: | Az = b, with rank(A) =m

T Fa1m1Tmt1 + - F A1 Ty = by
To +a2m11Tmt1 + -+ A2, T = b
= )
Tm +amm+1zm+1 + -t ATy = bm
x b| .
— =B = is a b.fs. SN
xD 0 (| )
* scI3 may be not (x1,--+ , ., ), the above canonical form is a special case. &2
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Elementary Row Operations

How to obtain another b.f.s of Az = b by changing the canonical form?

(a1 as...a... 0, Qa1 ... @ ... Gp

1 0...0...0 a17m+1 ..o ayp ... Qi b1
O 1 ... 0 0 0,27m+1 ... agp ... Q2p bg
0 0...1 0 km4+1 ---| QKL |--- Akn bk
L0 0...0 ... 1 ammet1--- Gmi --- Gmn b |
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Elementary Row Operations

How to obtain another b.f.s of Az = b by changmg the canonical form?

(a1 as...a5... 0 Qa1 -.. Qp ... Gp b] x1 =0y |
1 0...0...0 a1m+1 --- Q1 --. A1n b1 Lg—bz
O 1 ... 0 o 0 a27m+1 ... agp ... Q2p bg
: : : basic '
Co : : : : Do e Ty = b
0 0...1 0 arm+1 - -Gk akn bi solution Tmt+1 =0
() 0 .0 ... 1 A1 -« Qunl - - - G by | 2o =0 |

[} eIementary row operatlons (pivot element ay;)

f[ai1as... ag ...Qm Qmi1 -..Q) ... Gy b
/ / ! /
1 0... arg .- - 0 al’m+1 .0 ... aqp bl
/ / / /
0 1... QAo - - - 0 a2 m41 - - 0... Aoy, bz
/ / ! /
0 0...ape--- 0 aumyr --- 1 ... Gy by
A
N
. . B . B . . u\srsz
! / ! /
LO O .. @mp--- 1 @it -+ 0 L@y Dy,
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Elementary Row Operations

How to obtain another b.f.s of Az = b by changmg the canonical form?

(a1 as...a5... 0 Qa1 -.. Qp ... Gp b] x1 =0y |
1 00 0 a1m+1 --- Q1 --. A1n b1 Lgibz
O 10 0 a27m+1...a21 ... Qop bg
Do basic ]
. . . . . . . . I . ,Q’,‘,,n = bm
00...1 0 Akm+1 -+ |Gkl |--- Qkn b solution Tm+41 = 0
_() O .0 ... 1 Gmmt1 -« - Gl -+ - G, by | | 2o =0 |
[} eIementary row operatlons (pivot element ay;)
C =T
f[ai1as... ag ...Qm Qmi1 -..Q) ... Gy b
! ! / / .
1 0...a1k... O al’m+1...0...a1n bl zk—o
! ! / / -
0 1...a2k... 0 a27m+1...0...a2n bz
: : new basic .
. . B _ > /
. Tm = b
/ / I solution Lm = Om
0 0...ape--- 0 aumyr --- 1 ... Gy by Trmg1 =0
b o 3
. . . . . . # k u\ s7¢ o
LO 0 ccoapp--- 1 armmar - 0 ot @ipp bl
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Pivot Element

pivot equations:

when ay; is fixed, the other elements are calculated via

° b, = bi
Akl
b . .
© by =b;— Jrayfori=12,-- ,mi#k.

ag

pivot element
" b.f.s should satisfy b; > 0, we expect b > 0.

". a pivot element in the [-th column is opted by aﬁ& = min
Kl i=1,,m

{% | a;; > 0}.
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min —x3
s.t. x1 +3x4 — x5 + 316 = 2
xro +2x4 —2x5 +2x6 =1
xr3—2x4 — 5 + 206 = 3
z;>0,j=1,---,6
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Pivot Element

min —x3 ai, az a3 aa as ag b
s.t. x1 +3x4 — x5 + 316 = 2 tandard 1 0 0 3 -1 3 2
Ty +2ri—2rstae=1=20%%) o 1 o 2 -2 1 1
T3—2r4 — w5+ 206 =3 ©M | o o0 1 -2 -1 2 3
Zj > 07j =1,---,6 (x1, x2, $3,$4,:E5,x6) = (27 1,3,0,0, 0)
ai ax a3 a4 as as b
1 0 0 3 -1 3 2
0o 1 0 -2 1 1
0 0 1 -2 -1 2 3
lJelementary row operations with pivot
y
ai az asz Qi as as b
3
1 -2 o0 o 2 3 1
o 3 0 1 -1 3 3
A&
o 1 1 0 -3 3 4
(21’171'2,1337:134,117571'6) = (%70747%7070) \
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Matrix Form of the Simplex Method

idea of simplex method

find another solution from one solution until the optimal b.f.s is obtained.

Analysis: If ¢ is a b.fs, e.g.,
T = [xh'" azmaoa"' aO]Tv Ty 207 1= 17 ,m

. Ax = b implies that x1a1 + - + z,na,, = b.

standard form of LP: min ¢'x st. Az =b, > 0. (l)J

Analysis: assume that the first m columns of A are the basis vectors, i.e.,
A= [ala"' sy Amy Am41, 7an] = [BaD]

BeRmxm DecRmX(n—m)

. T T AT
,.113:[331,"'7xmyxm+17""$n]:[$BamD] and c' = [cBacD]-
uan\:
mB€R7YL mDeR’rL*"n
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Matrix Form of the Simplex Method

min cgxp +chTp
st. Bxp+ Dxp=b, xg >0,xzp > 0.

(1) =

o Ifxp =0, then x = [xp,zp]| is a b.fs,
L= [mB} = [Blb} objective, zo=c'x =c,B'b.
D 0 fun. val.
o If xp #0, then x = [xp,xp] is not a b.fs,

. = B 'b— B_lD:I:D.
Thus, the objective function value is

z=c'x= cEacB +C£:I:B

=cp (B'b— B 'Dxp) + cHTD

=cpB b+ (¢, —cgB 'D)xp =z +rpxp 2
——

Zo0 ::'r;:r,

=zo+ Om+1Tm+1 +--Fox, o+ opx,

where rp = [0y, -+ ,00]" and xp = [Tpi1, -, 2n] .
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Discussion on Optimal Solution

—1p| .
0 ] isab.s.

B~ b
0

Q Ifrp >0, then x = {B

Moreover, if x = [ ] > 0, then x is an optimal b.f.s. The optimal value

is zo = cy B 'b.

0 } is not optimal.

@ If rp has negative entry, e.g., 0; < 0, then & = {

Qe z=2z04+0mi1Tmi1 Tt o+ o+ oy, 3)

Obviously, the objective function value can be reduced if we choose the i-th
column a; as basis. It means row operations with a pivot element at i-th
column can render smaller function value.

Example (whether = (4,0,5,0) is a minimizer of LP?)

min z; +2x9+3x3 —214
s.t. x1—2x9 +r4=4
To +x3 —2x4=205

2 >0,i=1,-- 4

— tips: check the discriminant rp > 0
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Matrix Form of the Simplex Method

Matrix Form of the Simplex Method

[A b] blocky case [B D b]

¢’ 0 CE c£ 0

1st-row premultiply B=* [I,, B~'D B~1b
¢k <p 0

—cg x1st-row+2nd row [I,, B'D B~ 'b
0" ¢, —cgB'D —c5B™'b

% basis, basic variable, basic feasible solution, discriminant and objective
function value are all in the last matrix.
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Matrix Form of the Simplex Method

operation of simplex table

=il
0
minimizer. Furthermore, z* = ¢ B~ b is optimal value.

o ifrp=cj —cgB D >0, then z = b] is b.s, and also the

@ otherwise, choose the column has the smallest element of »p and select a
pivot to carry out elementary row operation.
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Simplex Method

Example (solve LP by simplex method)

max 7xq + 6xo

st. 2x1+x9 <3
x1 + 4drs < 4
21 20,22 >0
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Simplex Method

Example (solve LP by simplex method)

min —7.73‘1 —6372
standard s.t. 2x; +xo+tx3 =3
form T1 +4x9 +x4=15
x; >0,i=1,...,4

max 7xq + 6xo

st. 2x1+x9 <3
x1 + 4drs < 4
21 20,22 >0

step 1: initial simplex step 2: pivot operation on

a; as a3 ayg|b a, ay; a3 asg| b
11

2] 1 1 03 1 3 3 0|3

7] 1 5

LAl i

- — 57 21

0 -2 53 0]F

Basis: a1, as; Basic variable: x3, x4, Basis: a,,a,; Basic variable: z,, .

Basic feasible solution:
(.’217 x2,T3, 1'4) = (07 07 37 4)'

Discriminant: rp = (=7, —6),

Basic feasible solution:
_ (3
(:1713 Z2,x3, l’4) - (5, 07 07

Discriminant: rp = (_%’

[SIEN IO
—
0 3
3
;@
% X

Objective function: 0. Objective function; —21.

Simplex Method

(BFRHER)
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Simplex Method

step 3: pivot operation on

a; as as ay b
4 11 8

1 0 = 7|1
0 1 -1 2 )
227 g 876

0 0 F 7|7

Basis: a1, as; Basic variable: 1, s,
Basic feasible solution:

(581,272,1‘3,1‘4) = (7, ?, 0 O)
Discriminant: rp = (2, 2) > 0,
which implies x is an optimal solution.

Objective function: —28.
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Simplex Method

Example (solve LP by simplex method)

min x9 —3x3 +2x5
s.t. 1 +3x2 —x3 +2x5 =3,
—2x5 +4x3 +x4 =39,
—4xo +3x3 +8x5 +r6=>5, x; >0,i=1,2,---,6.

step 1: initial simplex

a; ay a3 a4 as ag| b
1 3 -1 0 2 0| 7
0 -2 10 0]12
0 —4 3 0 8 1]10
0 1 -3 0 2 0] 0

Basis: a1, a4, ag; Basic variable: x1, x4, xg,
Basic feasible solution: (x1,x2, x3, x4, x5, 26) = (7,0,0,12,0,10),

Discriminant: rp = (1, -3, 2),

Objective function: 0.
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Simplex Method

b ; 5

step 2: pivot operation on step 3: pivot operation on
a, ay a3 ag; as ag| b a21 az as a14 ai as | b

2 4 £ 0 1 = 2 0] 5
0o -1 1 1 o0 3 : RO

; ] 1 0 o0 -1 10 1|11
[ S s U I

2 4

- Basis: as, as, ag,
Basis: a1, as, ag, . ]
) ] Basic variable: x», x3, g,
Basic variable: x1, x3, g, . . )
Basic feasibl luti Basic feasible solution:
| | on:
asic feasibie solto (z1, 22, T3, T4, T5, T6) =

Efé’gzéxé’g“if“%) = (0,4,5,0,0,11),

iscrimi . — (1 4 12
iscrimi . 1 3 Discriminant: rp = ( ) >0,
Discriminant: rp = (75’ 1’2)1

57505
which implies x is an optimal solution.

Objective function: —9. Objective function: —11.
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Initial B.F.S.

% Simplex method starts with a tableau for standard form of LP, namely, it

requires an initial b.f.s.
% How to find an initial b.f.s.? Choose any m basis columns? (ans: X)

Example (some LP has obvious initial b.f.s)
The LP with strict inequality Az < b can be formalized as standard form by

introducing m slack variables z; > 0,

Az <b
x>0
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Initial B.F.S.

% Simplex method starts with a tableau for standard form of LP, namely, it

requires an initial b.f.s.
% How to find an initial b.f.s.? Choose any m basis columns? (ans: X)

Example (some LP has obvious initial b.f.s)
The LP with strict inequality Az < b can be formalized as standard form by
introducing m slack variables z; > 0,

Az <b Az +2=0»
x>0 x>0, 2z>0
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Initial B.F.S.

% Simplex method starts with a tableau for standard form of LP, namely, it

requires an initial b.f.s.
% How to find an initial b.f.s.? Choose any m basis columns? (ans: X)

Example (some LP has obvious initial b.f.s)
The LP with strict inequality Az < b can be formalized as standard form by

introducing m slack variables z; > 0,

Az <b Az +2=0» x| x
;1;20 $$207220 <:>[A,Im]|:z:|_ba |:Z:|207 (4)

where z = [z1,- -+, 2,] " is slack variable.
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Initial B.F.S.

% Simplex method starts with a tableau for standard form of LP, namely, it

requires an initial b.f.s.
% How to find an initial b.f.s.? Choose any m basis columns? (ans: X)

Example (some LP has obvious initial b.f.s)
The LP with strict inequality Az < b can be formalized as standard form by

introducing m slack variables z; > 0,

Az <b Ax+z=0b T| T
x>0 x>0 2>0 ‘:’[A’Im]H_b’HZO’ &

where z = [z1,- -+, 2,] " is slack variable.

Obviously, right-hand of (4) has a b.f.s [:] = {2] .
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Initial B.F.S.

original LP: (P0)
min ¢’ x

st. Az =10
x>0
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Initial B.F.S.

original LP: (P0)

. T om_a .

min ¢ x artificial variable yer™

st. Az =10 e=(1,1,--,1)T€R™
x>0
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Initial B.F.S.

original LP: (P0) artificial LP: (P1)
min ¢'x artificial variable yeR™ min y; +ys + - + Y = eTy
s.t. A:l: = b e=(1,1,~~- 71)T6Rm as
st. [A, L] =b, >0, y=>0.
x>0 Yy
Proposition

(PO) has a b.f.s <= (P1) has a minimizer with optimal value as 0.

proof. =) if (P0) has a b.f.s x, then [£7,07]" is a b.f.s of (P1) with function
value as 0 (why?)

. [27,07]T is a minimizer of (P1).

<) if (P1) has an optimal f.s. with objective function value 0,

then this solution must have the form [£7,07]" (why?), where z > 0
. Az =0b, and x is a f.s. of (PO).
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Two-Phase Simplex Method

idea of two-phase simplex method

assume (P0) has some f.s, then find a minimizer of (P1).

o find the optimal feasible solution of (P1), denoted by {;ﬂ

o if [0] is nondegeneracy and the basic variables are in the first n components

(none of the artificial variables are basic), then  is a b.f.s of (P0). Use this
b.f.s as the initial b.f.s of (P0).
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Two-Phase Simplex Method

Phase I: construct (P1), then solve (P1) by simplex method
(PO)
minc

st. Az =0b
x>0

SRR (BRTFARHERE) Chapter 16  Simplex Method



Two-Phase Simplex Method

Phase I: construct (P1), then solve (P1) by simplex method

(P0) (P1)
mincTaz N miny1+y2+...+ym:eTy
st Az =0 ALl |* =bz>0y>0
2>0 s.t. [ ,m}y—w_ ,y > 0.
ULQ;SZ'(\:
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Two-Phase Simplex Method

Phase I: construct (P1), then solve (P1) by simplex method

(PO) (P1) initial simplex
min ¢’z i —e! of (1)
e mnTmT e Ty T
s.t. Ax =
s.t. [A, L] [ﬂ =b,xz>0,y>0. A1 b
>0 Yy 0 e 0
ULQ;SZ'(\:
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Two-Phase Simplex Method

Phase I: construct (P1), then solve (P1) by simplex method

(PO) (P1) initial simplex
min ¢’ @ min yi +yo+- o+ ym=e'y . (Pl)b

st. Az =0b o z Z; b =

s.t. [A, I,] [ } =b,x >0,y >0.
z >0 Y 0 e 0

final simplex of (P1)

Ty X3 e T Tn Y1 w o Ym | b

dhy aly o e oah by e dy o d | B

Gl iy G G G
U1 G U U A1 0 dpy o g | by

L Th T Th 81t 8§t Sy | =S

(BT RIHAZE)
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Two-Phase Simplex Method

Phase I: construct (P1), then solve (P1) by simplex method

(PO) (P1) initial simplex
min ¢ x i =e' of ((P1),
=>m1ny1+y2+"'+ym—6y =z y b _—
st. Az =b T A T b
s.t. [A, L] =b,xz>0,y>0.
x>0 Y 0 e| O
final simplex of (P1)
:Bl IQ .. xk DR xn yl .. yl .. ym b
dhy aly o e oah by e dy o d | B
. : : ; . .
R S S I
Gt Oz = Gpp o O A oy e din | by
Pl ol s, s s | —f
e If f* >0, then (P0) has no f.s, i.e., constraint of (P0) is empty. &Y

o If f* =0, proceed to following Phase .
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Two-Phase Simplex Method

Phase Il:

o Case 1: if the basic variables in table (*) are all in the component of , then
delete all y in table (*), and replace the discriminant with the objective
function vector ¢ of (P0), and then use simplex method again.

xr1 T2 e Tk e Tn b
!/ I !/ !/ /
G131 G120 Ggp 0t Oy 1
/ / DR / DR / /
Uan U G2k A2n 2
! !/ ! i /
R T
/ / ! / /
A1 Um0 Qg " Qg bm
G @, a1 0
J
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Two-Phase Simplex Method

Phase Il:

o Case 2: some basic variables in table (*) are in the component of y, e.g., y;.
o Case 2.1: if a;; =0 for all j =1,2,--- ,n, then delete the i-th row.
o Case 2.2: otherwise, set any a;; # 0 as pivot element.
xl x2 ... xk‘ ... xn yl ... yl e ym b
U !/ I !/ ! / /
11 Qi 0 Gyt Oy u o 0 e dyy, 1
/ ! / !/ ! / /
Qg1 G Qg ot day 21 0 0 e dyy, 2
i ! i I U ! /
A1 Qg ot O ot Gy moocee Lo dhy by
!/ / /! ! / U /
A1 Az "0 Qg 0 Qg ml " o --- dmm bm
T‘i 7"’2 P T‘;c PR 71;1 8?[ .« .. O PRI Sflrrl —f*
o
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