Convex Functions

3. Local and Global Behaviour of a Convex Function

4. First- and Second-Order Differentiation
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Let f € ConvR"™. Forxzg € R and § > 0, if 3 m, M such that m < f(x) < M for
all z € B(xo,20). Then, f is Lipschitzian on B(x,d), ie.,

1) = fW) < M52y — /||, Vy,y' € B(wo,d).

proof with two different y and y’ € B(xq, ), take
25

) Y=y Oy

By construction, ¥’ lies on the segment [y, y"], i.e.,

‘ S B(aj‘o, 26)

ly' =yl n 5
V' = s+ sy

By the convexity of f and the bounds in assumption, we obtain

FW) = ) < s 7y — F@)] < Iy — (M = m).
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Let f € ConvR™ and S C ridomf be convex compact. Then, 3L(S) > 0 such that

|[f (@) = f(2)] < L(S)|lx — 2|, Vz,2" € S.

» [ is continuous in ri domf, i.e., Vxg € ridomf, if ridomf > x — x, then
f(x) = f(zo).

» [ is locally Lipschitzian on ridomf, i.e., Vaq € ridomf, 3L(x¢), 6(xo) such that
fx) = f(@")| < L(zo)||lz — 2’|, Yo € S(x0), 2" € S(x0),

where S(xg) := B(xg,(xo)) N affdomf C ridomf.
» S in Theorem can not be weaken as ridomf. (" convex function may not be
Lipschitzian on ridomf).

Theorem (Lipschitzian extension)

Let f € ConvR"™ be L-Lipschitzian on convex set ) # C. Then, 3f1 € ConvR"™
satisfying f1(x) = f(z) on C and f; is L-Lipschitzian on R™. Furthermore, the
largest f is the infimal convolution

(f + o) (@) = [(f +ve) (L] - DI(z) = inf{f(y) + Ll — || : y € C}.
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Continuity of convex function

» affdomf is confined to continuity of f. Continuity (even Lipschitz continuity)
holds in ridomf.

» When = —ribd domf, continuity may disappear (e.g. f may be infinity/jump).
» Closing epif only miss function values with little interest.

» whether f can be assumed upper semi-continuous? This property holds for 1D
functions. But, not in general, e.g.

fz) = Sug{fa +0f:a® <26}

f(0) =0 and f € ConvR". In fact, “=" hold at optimum (i.e. active
constraint a2 = 3), so
0, E=n=0
2
fl@)=fEm=q-5 n<0

400 otherwise.
Thus, as « — 0 along path = —1¢2, then f(z) =1 > 0= f(1).
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Let ConvR™ > {fi}72, T, f:R™ = R. Then, f € ConvR™ and

uniformly
fo ————

f on any compact set S.

? what is the behaviour of f as z — c0?
e Let f € ConvR™. The asymptotic cone is
(epif)oc = {(d.p) : epif +t(d,p) C epif, V¢ > 0}

= {(d,p) : epif + (d,p) C epif} = epifxepif = epifVepif
is closed convex cone containing half-line {0} x R*.

Proposition

Let f € ConvR™ and any xoy € domf. Then, (epif)oo is the epigraph of
Il € ConvR™ (called asymptotic/recession/- - function of f), where

@) o e flwo+td) = flwo) _ . fzo+1td) = f(wo)

t>0 t t—o0 t

proof “.* (zo, f(xo)) € epif, ... (d,p) € (epif)oo
. flxo+td) < f(xo) +tp, Yt > 0. Thus, sup, M < p.
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» f._ is positively homogeneous.

pe.g. Let C be closed convex. Then, tc(xg +td) =0 for all t > 0iff d € C.
Thus, (10)5 = Lco)-

peg. Let f € ConvR™. For g € domf, o(d) = f(xo + d) — f(xo) is convex.
Thus, 0 € domy and its perspective function is 7. The clr can be computed as
(clr)(0, d) = lim o[£ (zo + d'—d+d/a) = f(x0)]

d +td) — d
B L ) B G O B

t——+oo t

Proposition

Let f € ConvR™. If S,.(f) # 0, then [S.(f)]ecc = {d €R™: f. (d) < 0}.
Particularly, the following statements are equivalent

@ There is r for which S,.(f) is nonempty compact;

® all sublevel-sets of f are compact;

® f/ (d)>0forall0#deR".
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proof d is in asymptotic cone of () # S,.(f) iff
€8, (f) = [z+tde S, (f), Vt>0]

which amounts to (z,r) € epif = (z +td,r + txg) € epif, V¢ > 0.
It means (d,0) € (epif)o = epifl,, which proves @.

Particularly, if So(f.,) is reduced to singleton {0}, which implies ®. It amounts

to [Sy(f)]eo = {0} for all r € R with S,.(f) # @, which means S,.(f) is
compact.

» Convexity of f ensure that all § # S,.f have the same asymptotic cone.

> If f is closed quasi-convex, then all S,.(f) are convex, and as such they have
asymptotic cones, which normally depend on the level.

Definition (0-coercivity: “increase at infinity”)

f € ConvR"™ satisfying @ or @ or ® are called 0-coercive, i.e.,

f(@) = +o0.

im
llzl|—=+o0

The closed convex 0-coercive functions has minimum over R™.
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Definition (1-coercivity)

féo(d) = +o0 for all d 7é 0 (Ie féo = L{O}) <~ hm||a:|\—>+oo e +00.

]

peg. flz) = 2{Qz,z) + (b,x) + c with @ = 0, b € R" and ¢ € R. Then
fio(d) :{

In this case, f is 0-coercive <= f is 1-coercive <= @ > 0.

(b,d) ifdekerq,
400, if not.

Proposition

f € ConvR™ is Lipschitzian on R™ iff f._ is finite on R™. Furthermore, the
Lipschitz constant of f is sup{f. (d) : ||d|| = 1}.
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Proposition

Let f; € ConvR™ and t; >0 (i =1,...,m). Assume that Jx( such that all f;’s is
finite.

I f = tifi, then fio = ti(f])sc-
i=1 i=1
Let {f;}jes be in ConvR"™, Assume that 3z such that sup,c; f; < +oo.
Iff =) t;f;, then fi, = sup(f])eo-
jeJ i€Js

Let A:R™ — R™ be affine with linear part Ay, and f € ConvR™. Assume that
AR™) Ndomf # 0. Then (f o A),, = fl o Ap.
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First- and Second-Order Differentiation

Let ) # C C R™ be convex and f : C — RU {400} (f(z) < 400 for all z € C).
? When f is convex differentiable?
? If f is differentiable, can we characterize its convexity by of V f7

? If f is convex, what is the behaviors of first- and second-differentiability?

Theorem
Let f be differentiable on open set 2 C R™ and C C 2 be convex. Then
Q f is convex on C iff

f(x) > f(zo) + (Vf(zo),z — xo), Y(x,20) € C x C;

@ f is strictly convex on C' iff “>" holds in above inequality whenever x # xg;

@ f is c-strongly convex on C' iff

f(x) > f(xo) +(Vf(zo),® — zo) + %c”x — 202, Y(20,2) € C x C.
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proof @ -+ f € ConvC, ... V(zg,z) € C x C and « € [0, 1], we have from the
definition of convexity
flaz + (1= a)xo) = f(zo) < aff(z) — f(x0)]-

Divide by « and let « ] 0, the left-hand side — (V f(xq),z — x0).
Conversely, take z1 € C, x5 € C, a € [0,1], and set
xo = azy + (1 — a)xy € C. By assumption,

f(acz) > f(l‘o) + <Vf($0), xr; — :L‘o> fori=1,2.
By convex combination the above two inequalities for i = 1,2, we obtain
af(x1) + (1 —a)f(z2) = f(zo) + (Vf(20), az1 + (1 — a)z2 — 20) = f(20),

which implies f is convex.
proof @ -+ f is strictly convex, .. Voo # = and « € [0, 1], we have

f(zo+ oz — 20)) — f(zo) < alf(z) — flzo)];
but f is convex and we can use
(Vf(@o), (x — w0)) < f(2o + @ — 20)) — f(o),

so “i" holds.
proof @ apply to f — [ - 2.
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» if [ is differentiable convex, then Vz( (tangent points), f is minorized by its
first-order approximation f(zo) + (V f(x0), - — o).

» f is strictly convex if tangent point is the singleton.

» f is strongly convex if it is minorized by quadratic convex function

a(@) = f(@0) + (Vf(@o), & = o) + 5 [l = o,

whose gradient at g is V f(zo).

%0 slope Vi(xg) *o ¥ curvature ¢

» if f € ConvR", the remainder in development
r(zo,) = f(-) = f(zo) — (Vf(x0), - — zo) is nonnegative convex.

Definition

Let C' C R™ be convex. The mapping F : C — R" s said to be
monotone if: (F(z) — F(z'),z — ') >0, Vo,2' € C

strictly monotone if: (F(x) — F(z'),z —2') > 0, Va,2' € C
c-strongly monotone if: (F(z) — F(2'),z —2') > 0> ¢||z — x|, Vz,2’ € C
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> “monotone” function reduces to “increasing” function in 1D case.

Let f be differentiable on open set 2 C R™ and C' C Q2 be convex. Then, f is
[resp. strictly, c-strongly] convex on C' iff V f is [resp. strictly, c-strongly] on C.

proof If f is c-strongly convex on C, then Vz € C, z¢ € C,
c
f(@) 2 f(zo) +(Vf(z0), & — z0) + S lx — wol1?,
c
f(@o) 2 f(2) +(Vf(z), 20 — 2) + 5[]z ~ wol|?.

By adding both inequalities, strongly monotone of V f holds.
Conversely, let (zg,x1) € C x C and ¢(t) = f(xy) with z; = z¢ + t(x1 — x0).
¢ is differentiable, and ¢/(t) = (Vf(xt) - > Thus,

@'(t)—¢' (') = <Vf($t) Vf(zy),x $0> = = (V@) =V f(av), z—av).
V f is monotone = ¢’ is increasing = ¢ is convex.

By setting t' = 0 in above inequality and use the strong monotonicity of V f,
we have ¢/(t) — ¢/(0) > ¢||a; — xo|? = te||z1 — xo]|*

.- differentiable convex functlon is the |ntegral of its derivative,
(1) = 9(0) = ¢ (0) = [ ¢/ (8) = ¢ (O))dt > &llas — o
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peg If f(x) = (Ax,z) + (b,x) with A = 0, then
(V@) =V (@), 2 —a') > Aallw — ||,
.. Vfis Ap-strongly monotone. Moreover,
f(@) = f(zo) = (Vf(z0),x — x0) = %(A(ff —Z0),T — o) > %An”m —a'|%.
> strong and strict convexity are equivalent if A > 0.

» monotone mapping < gradient mapping. Indeed, if F': 2 — R™ is
differentiable, then F' is a gradient iff its Jacobian is symmetric.

Let f € ConvR™ and x € intdomf. Then, the followings are equivalent:
Q ¢(d) :=limyp w is linear in d;

@ for some basis of R™ in which x = (£,...,£"), the g—gi(x) exist at x for
1=1,...,n;

© f is differentiable at x.

vy

> let q(t) = f(x +td). If 3 n independent directions {d;}, such that g4, has
derivative at t = 0, then the same property holds for all d € R™. o

» ‘“radial” differentiability of yq suffices to guarantee “global” (i.e. Fréchet)
differentiability of f at z.
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> If fis convex differentiable in B(z), then V£ is continuous at . Hence, if Q2 is
open convex and f is convex, then f differentiable on Q <= f e C(Q).

» The largest set on which f can be differentiable is interior of its domain.
» If f is locally Lipschitzian on an open set €, then f is a.e. differentiable on €.

Theorem

Let f € ConvR™. The subset of intdomf where f is non-differentiable is of zero
(Lebesgue) measure.

Theorem

| A

Let f be twice differentiable on an open convex set ). Then
@ fisconvexon Q <= V2f(xy) = 0 for all zg € Q;
Q ifV2f(xo) = 0 for all ;g € Q == f is strictly convex on §2;

© f is c-strongly convex on ) <= Anin[V2f(20)] is minorized by ¢ on €, i.e.,
(V2f(x0)d,d) > c||d||?, Vxo € Q, d € R™.
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proof For xg € 2, d € R™ and t € R such that zo + td € , let x; := xg + td and

o(t) = flze) = f(z +td). - ¢"(t) = (V2 f(2e)d, d).

O If f is convex on (Q, then V(zp,d) € Q x R™ with d # 0, ¢ is convex on open
interval I := {t € R: zg +td € Q}.
S 0<@"(t) = (V2f(xy)d,d), Vt € I 50 and V2 f(z0) = 0.
Conversely, take any [zg,71] C Q, set d = 1 — 29 and assume V2f(z;) = 0,
i.e., ©"(t) >0 fort €[0,1]. Then ¢ is convex on [0,1], i.e. f is convex on
[0, z1]. The result follows since 2o and x; are arbitrary in 2.

O Take any [zg,21] C Q with 21 # z¢ and d = 21 — 2. By mean-value theorem
to ¢’ on [0,1]: 37 €]0,1], ¢'(1) — ¢'(0) = ¢ (1) = (V2 f(2,)d,d) > 0.

® By applying @ to f — §|| - ||?, whose Hessian is V2 f — cI,, and eigenvalues is
AV2f)—c.

> O is sufficient condition but not necessary. e.g. f(z) = 2!

» Affine approximation of f around zq is actually a global minorization. But,
quadratic approximation of f around x( can not minorizes f. E.g.
f(z) = a? — La* is convex on {z : 2> < 1}

» C must be open. A claim “f is convex on C C Q iff V2f(-) = 0on C" is
wrong when C' is not open. e.g. f(&,n) := &2 —n?is convexon C =R x &
but V2f # 0.
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» To check convexity of f on non-open set C', we first use V2f on int C and
then pass to the limit: property C C C C int C.

peg Let Q= {z=(¢,...,") 2 >0} and f(z) = —(£'€2--- ")/ on Q.
Then dzif(x) S () (1 —nd;;), where §;; is Kronecker's symbol. Thus,

" DETIET n2eiEd
2
2 _ f(=) - UL _ S d; 2 _ 1 m n
(Vfa)dd) =27 (X&) —nX (&) |, vd=(d",....d") e R".
=1 i=1

|l £+/7 - |l2 and f < 0 on £, the above expression is > 0. Thus, f is
convex. Furthermore, f is positively homogeneous.

» Flat Domain. If dom f is not full-dimensional, by defining fo(y) := f(xo + v)
with zg € dom f and y varies in subspace V' parallel to affdom f.

fo € ConvV and dom fjy is full-dimensional in V. Equipping V" with (-,-) and
Lebesgue measure, the results above can be reproduced, i.e.,

a.e. o +y € intdom f, Is € V (i.e., Vfo(y))
VheV, flzo+y+h)=f(xo+y)+ (s,h)+o([hlv)

(the remainder o(||h||v) is nonnegative).
s is “relative gradient” of f at x = xg + y; it exists at xo + y iff
t— f(xo+y+td) has a derivative at t =0 for all d € V.
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